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Elimination of Gibbs' Phenomena from Error Analysis
of Finite Element Results

Gaylen A. Thurston*
NASA Langley Research Center, Hampton, Virginia 23665

and
Rajaram Sistlaj

Analytical Services & Materials, Inc., Hampton, Virginia 23665

A change of variables is presented that improves the accuracy of Fourier half-range sine series used in
numerical harmonic analysis. The change in variables, a simple but effective extension of the period of the series,
results in an interpolation formula that passes through the endpoints of tabulated data. In two dimensions, the
change in variables produces an *'extended grid" for use in computing coefficients in double sine series. The
improved double sine series was developed for modifying a postprocessor code for error analysis of results from
a general-purpose finite element code. Without going into the details of the error analysis, the paper illustrates
the improved numerical harmonic analysis by applying it to the problem of a simply supported plate under
uniform load. The elimination of Gibbs' phenomenon from the truncated series for the uniform load and from
a discrete set of boundary conditions suggests that the extended grid transformation can be applied readily in a
postprocessor for error analysis of discrete results for postbuckled stiffened panels.

Nomenclature
Amn,wmn = Fourier coefficients in double sine series
a,b = length and width of rectangular plate
D = plate bending stiffness
E^(x,y), Er(x,y) = normalized residual errors
K = factor in Fourier coefficient
KW,KM,KQ = nondimensional factors in results for

w, Mx, and Qx
Mx = moment stress resultant
Qx = transverse shear stress resultant
q - constant uniform transverse load
w = solution of plate equation
M>£ = solution of biharmonic equation
w/ = particular solution of plate equation as

double Fourier series in extended grid
coordinates

Wyv = Navier solution of simply supported
plate problem

vvr = solution based on displacement/rotation
boundary conditions

x,y - Cartesian coordinates on plate
a,5 • = constant factors in coordinate

transformation
an ,5m - coefficients in exponential solutions in WE
djj = Kronecker delta
£,i? = transformed coordinates on extended grid
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Introduction

E STIMATING the accuracy of stresses and deflections
computed by the finite element method is a common

problem that arises with each application of. the method. A
general approach to error analysis is outlined in Ref. 1. The
approach uses Newton's method applied to the Euler equa-
tions of shell theory. In earlier papers, small finite-deflection
theory was used. Numerical results are reported in Refs. 1-3
for buckled rectangular skin sections from flat panels and
from cylindrical panels. Other approaches to error analysis
have been proposed by Zienkiewicz and Zhu4'6 Ainsworth et
al.,5 and Dow et al.7'8

The present paper is concerned with a small, but basic,
problem that arose in the previous studies of error analysis.
The problem is to compute continuous approximations from
discrete finite element results. The continuous approximation
in the earlier papers exhibited an error similar to Gibbs' phe-
nomenon for Fourier series; the error was much higher near
the boundary of rectangular skin sections than at points away
from the boundary.

The continuous approximation is integrated by successive
approximations to obtain an approximate continuous solution
of the shell problem. The continuous solution yields numerical
results for stress resultants and deflections that can be com-
pared with corresponding results from the finite element solu-
tion. However, the existence of Gibbs' phenomena in the
approximations introduces an unknown factor in assessing the
error in the finite element results for nonlinear shell problems.

Therefore, the main topic of this paper is the numerical
harmonic analysis of double Fourier sine series used to ap-
proximate continuous functions. The functions are computed
from discrete data tabulated on a rectangular grid. The ap-
proximation is improved by a simple change of variables. The
change of variables can be visualized by extending the rectan-
gular grid by two rows and by two columns. The approxima-
tion computed by this change of variables will be called the
"extended grid approximation."

A second topic of the paper, which is a consequence of
using the extended grid, is the problem of satisfying discrete
boundary conditions. The extended grid approximation is ap-
plied to the uniform load term in the linear plate bending
equation. The approximation is integrated to obtain a contin-
uous solution. The solution based on the extended grid does
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not satisfy the boundary conditions for the example of the
simply supported plate. A solution of the biharmonic equation
is derived and superposed to satisfy the boundary conditions
at discrete points on the plate boundary. The number of
discrete points on the boundary used in the solution is the
same as those on the edges of the rectangular grid, since in the
application of the approximations to finite element results,
numerical results on the boundary are known only at nodal
points of the finite element grid.

Extended Grid Solution for a Simply Supported
Plate Under Constant Uniform Load

A familiar example of Gibbs' phenomenon is in the Navier
solution9 for a simply supported plate under a uniform load q.
The linear problem is the bending of an isotropic plate of
length a and width b. The Navier solution for the transverse
deflection w is written in the form of a double Fourier sine
series,

. mirx . mry, sm —— sin —— (1)

The Fourier coefficients wmn are derived by substituting the
series for w in the equation for plate bending,

V4w = q/D (2)

The constant q/D is approximated by a double Fourier sine
series so that w actually satisfies the following equation:

16<7 v^ A * . m-KX niry= ~r~ LJ L^t — sm —— sin ——
|_7T2£>J m = 1 > 3 n = l f 3 7W/I « Z?

1 s'm(mirx/a) sin(mry/b)
m - 1,3 /? = 1,3

(3a)

(3b)

On the plate boundaries, x = 0, x = a, y = 0, and y = b,
V4Wyy in Eq. (3a) is zero, and obviously, WN does not satisfy
the differential equation for w [Eq. (2)]. As the upper limits of
the series, M and TV, approach infinity and for every fixed
point (x,y) inside the boundary, the series expression con-
verges to q/D. However, at a point with the approximate
coordinates x = a/(M + 1) and y = b/(N + 1), the sum of the
series defined in Eq. (3a) is approximately 1.4 (q/D). In other
words, the normalized residual error for the Navier solution,

(4)

attains a relative maximum value of 40% and is - 1 on the
plate boundary. This property of Fourier sine series of over-
shooting in approximating discontinuities in periodic func-
tions is known as Gibbs' phenomenon (see, for example, Refs.
10 and 11).

The Gibbs' phenomenon for the example problem is associ-
ated with the jump in V4w from zero on the boundary to the
nonzero value q/D. To avoid Gibbs' phenomenon, the analy-
sis is altered by using an extended grid and numerical har-
monic analysis. The extended grid is illustrated for a single
Fourier sine series to approximate a function f ( x ) of one
independent variable in Appendix A. The numerical harmonic
analysis to approximate a function f(x,y) of two variables by
a double Fourier sine series on the extended grid shown in Fig.
1 is given in Appendix B.

The new series for V4w is written in the form

V w =
M= ^4WA7 sinm^ sinwr;

where the change of independent variables is

7T

M+ 1 - 1)+ 1],

rj =
TV + 1

[(y/b)(N - 1],

(5)

(6a)

(6b)

The change of independent variables is shown graphically in
Fig. 1 for a plate with aspect ratio a/b = 2 and a grid with
M = 5 nodes in the x direction and N = 3 nodes in the y
direction. The origin of the nondimensional £-ry coordinate
system is outside the plate, as indicated by the dotted lines
showing the coordinate axes. The M x TV array of Fourier
coefficients Amn in Eq. (5) is computed by numerical harmonic
analysis so that V4w passes through the value of q/D at every
nodal point on the plate, including all nodal points on the
plate boundary.

The numerical harmonic analysis for expanding the con-
stant q/D in the double sine series on the extended grid is a
special case of expanding a function f(x,y), as described in
Appendix B. The coefficients Amn, in the approximation
for q/D in Eq. (5), are computed by applying the formula in
Eq. (B4),

~>2 ~>2 M N _
y* v-i Q -2-/ 2-/ — sM+ 1 TV + lyTi k^i

A solution of Eq. (5), denoted as w/, is

(7)

(8)

where

5 =
7T(M - 7T(TV -

The normalized error for this solution is defined as

N = 3
a/b = 2

......_..

O.f) X x =

——————

a

_____

o.o 5= n
Fig. 1 Nodal grid on plate and £-1; coordinate system.

(9)

For the same finite values of M and N, the limits on the sum
of each series, the new series w/ is a more accurate solution of
the plate equation than the Navier solution WN.

The increased accuracy in approximating q/D is illustrated
in Figs. 2 and 3. The contour plot of E/(x,y) in Fig. 2 has a
maximum error near the corners of 10.8% for an M = 9 by
N = 9 grid and zero error on the boundary. The comparable
value for the error EN(xty) is 40% near the corners and - 1
on the boundary. The two normalized errors are compared
directly along a line of symmetry, y = b/29 of the plate in
Fig. 3. The zeros of E/(x,y) occur at node points of the grid.

However, w/, the solution for w derived from the new series
for q/D in Eq. (5), does not satisfy the simply supported
boundary conditions. An additional solution of the bihar-
monic equation is added to the solution w/ to satisfy the
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Fig. 2 Normalized error in transverse equilibrium equation Ei(x,y).

i©o©0Me«j»eMe©«a
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M=9 N = 9 a/b=1
solutions:
* * * * * Navier, EN(x,y)

- n op OOP Extended Grid, E t(x,y)
0-0.8J

-1.0

Fig. 3 Normalized error E(x,y) along the line y/b = 0.5.

boundary conditions. The additional solution w£ is assumed in
the form

N M
WE = 2 fn(x) shirtr? + £ 8m(y) sinra£ (10)

n = 1 w = 1

and is selected with the idea of applying the solution to error
analysis of finite element solutions for plates. In the finite
element error analysis, the boundary conditions are known
only at node points. Therefore, the upper limits M and TV for
the two series in Eq. (10) correspond to the number of nodes
used to generate the solution w/. Since the sine terms in WE do
not vanish on the boundary, nonhomogeneous boundary con-
ditions can be satisfied by the functions in Eq. (10). Earlier
studies1"3 included series of cosine terms in a similar solution,
making a total of four series. Using only two series in WE
simplifies the algebra in satisfying the boundary conditions.

The solution WE satisfies the biharmonic equation

V4wF = 0 (11)

term by term. The expressions for the functions fn(x) and
gm(y) are listed in Appendix C.

Each of the solutions fn(x) and gm(y) contains four con-
stants of integration for a total of 4(M + N). The numerical
results in the next section are computed using two different
sets of constants of integration. The two sets of constants are
computed from two different sets of discrete boundary condi-
tions. The condition of w = 0 at node points on the boundary
is in both sets of discrete boundary conditions. In addition,
one set of discrete conditions at node points contains the
natural boundary condition for the simply supported plate
that the moment stress resultant must vanish.

The second set of conditions uses a discrete set of geometric
conditions on the derivative of w in the direction of the out-
ward normal. These slopes are output data from a general-
purpose finite element code. This choice of boundary condi-
tions is part of the general approach to error analysis outlined
in Ref. 1.

In either case, the normalized error for the solution

iv = w/'+ WE (12)

does not depend on the boundary conditions. By definition,

= (D/q)V4(w* + w,) - 1

(13)

o

o.oo 0.25 0.75 1.000.50

x/a
Fig. 4a Transverse deflection w along the line y/b = 0.5.

0.05 -i

Fig. 4b Moment resultant Mx along the line y/b = 0.5.

M = 9 N = 9 a/b=1
Solutions:

* * Navier, WN
QPQQP Extended Grid, w
A A A A A Extended Grid, w r

Fig. 4c Transverse shear stress resultant Qx along the line y /b - 0.5.
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b/a

Table 1 Comparison of extended grid solution to exact Navier solution for simply supported plate

Kw in = Kwqa4/D KM in MXmax = KMqa2 KQ'm

Extended grid solution Navier Extended grid solution Navier Extended grid solution Navier
M = 5xN = 5 M = 9xN = 9 solution M = 5 x TV = 5 M = 9xN = 9 solution M = 5 x TV = 5 M = 9xN = 9 solution

1.0
1.2
1.4
1.6
1.8
2.0
3.0
4.0
5.0

0.00407
0.00567
0.00711
0.00834
0.00935
0.01017
0.01228
0.01288
0.01306

0.00406
0.00566
0.00709
0.00831
0.00932
0.01014
0.01224
0.01283
0.01298

0.00406
0.00564
0.00705
0.00830
0.00931
0.01013
0.01223
0.01282
0.01297

0.0479
0.0628
0.0757
0.0864
0.0950
0.1018
0.1187
0.1230
0.1239

0.0479
0.0627
0.0756
0.0863
0.0949
0.1017
0.1189
0.1235
0.1247

0.0479
0.0627
0.0755
0.0862
0.0948
0.1017
0.1189
0.1235
0.1246

0.318
0.359
0.392
0.418
0.438
0.454
0.493
0.502
0.505

0.335
0.377
0.408
0.432
0.450
0.464
0.493
0.500
0.502

0.338
0.380
0.411
0.435
0.452
0.465
0.493
0.498
0.500

Two Sets of Discrete Boundary Conditions
Numerical results from three separate solutions of the ex-

ample problem are compared in this section. One solution is
w/v, the Navier solution that satisfies the boundary conditions

82ww = 0 —- = 0 for x = 0 and x = a
dx2

d2w
w _ o —- = o for y = 0 and y = b (14)

dy2

at every point on the boundary.
The second solution, the extended grid solution w, is of the

form of Eq. (12). The term WE, which consists of two sets

a) Discrete finite element solution

y

b) Continuous approximation wr

Fig. 5 Contour plots of discrete and continuous transverse deflec-
tion H'.

of solutions of the biharmonic equation, is a part of the
solution w and contains 4(M + TV) constants of integration, as
defined in Eqs. (C3). These constants are determined by satis-
fying the boundary conditions for the simply supported plate
[Eqs. (14)] at every node point on the plate boundary, a total
of 2(M + TV - 2) points. Two discrete boundary conditions
can be written at every node point, except the four corner
nodes. Each corner has three discrete conditions correspond-
ing to the continuous conditions in Eqs. (14); w = d2w/dx2

= 82w/dy2 = 0. Therefore, only 4(M + 7V-1) independent
equations can be written for discrete boundary conditions at
the node points on the plate boundary. The results reported
here are computed by augmenting the equations for the dis-
crete boundary conditions.

The augmentation consists of writing an arbitrary equation
at each of the four corners of the plate. In each equation, the
value of the first summation on the right-hand side of WE in
Eq. (10) is set equal to the value of the second summation. The
four arbitrary relations plus the discrete boundary conditions
derived from Eqs. (14) at node points on the plate boundary
make a linearly independent set of equations to determine the
set of 4(M + N) constants of integration that appear in WE .
The final result is that the extended grid solution w satifies the
plate equation (2) at every node point of the M x N grid and
the boundary conditions [Eqs. (14)] at every node point on the
boundary.

Furthermore, since the solution is continuous and is in
terms of generalized coordinates, the deflection w and stress
resultants, such as bending moments and transverse shear
stress resultants, can be compared to corresponding results
from the Navier solution WN at any point with coordinates
(x,y) on the plate. The extended grid solution w was computed
for a number of plates with different aspect ratios (a/b) and
with different M x N grids. Typical results from the computa-
tions for an M = 5 by TV = 5 grid and for an M = 9 by N = 9
grid are listed along with corresponding results from the
Navier solution in Table 1. The number of terms in the Navier
solution WN for each result are sufficient to make those results
correct for the number of digits listed in the table. As might be
expected, the results based on the extended grid solution are
more accurate as the number of terms increase with a finer
grid. In addition, the accuracy decreases as the order of the
partial derivatives increases. The moment results, which con-
tain second partial derivatives, are more accurate than the
transverse shear results, which contain third derivatives.9

Looking ahead to using the transformation in the extended
grid in error analysis of results from general-purpose finite
element codes, the third solution wr was also computed. This
solution differs from the extended grid solution w only in the
details of computing the 4(M + N) constants of integration in
WE . The discrete boundary conditions for the wr solution are
derived from output data on rotations and deflections from a
general-purpose finite element code.1 The subscript r is used to
indicate that wr satisfies rotation boundary conditions, i.e.,
conditions on the partial derivative of w with respect to the



DECEMBER 1991 ELIMINATION OF GIBES' PHENOMENA FROM ERROR ANALYSIS 2237

outward normal, at node points on the boundary of the plate.
The four arbitrary equations at the four corners of the plate
remain the same as described earlier, so that a set of 4(M + TV)
linearly independent equations is written for this more general
case of matching discrete output for displacements and rota-
tions at node points of a rectangular plate boundary. In the
general case, the plate can be a skin section of a stiffened
panel.1'2

For the example problem of the simply supported plate,
matching the finite element results for rotations on the
boundary allows one direct check on the finite element solu-
tion. The algorithm in that solution minimizes the potential
energy subject to the geometric boundary condition on w but
leaves the natural boundary conditions on the edge bending
moment resultants as part of the minimization. The finite
element results tabulate the bending moment resultant at cen-
troids of the rectangular elements defined by the rectangular
M X TV mesh but do not estimate the residual moments on the
plate boundary. The solution wr allows direct computation of
the moments at any location, including the boundary, where
the moment can be large if an edge is restrained against
rotation. For the simply supported case, the residual moments
on the plate boundary computed from the solution wr turn out
to be small compared with the maximum moments at the
center.

Plotted Results for Three Solutions
Selected results from the three solutions WN, w, and wr for

a square plate, a/b = 1, are plotted in Fig. 4 along an axis of
symmetry. The results show good agreement for the maximum
values of the deflection w and for the moment Mx. As dis-

a) Discrete finite element solution

b) Continuous approximation

Fig. 6 Contour plots of discrete and continuous moment resultant
Mx.

Fig. 7 Contour plots of transverse shear stress resultant Qx.

cussed earlier, the moment Mx from the solution wr does not
vanish at endpoints x = 0 and a. The small error in satisfying
the boundary condition on the moment illustrates that, al-
though the normalized residual error E(x,y) is independent of
the boundary conditions, the error in computing stress resul-
tants is also a function of the error in satisfying boundary
conditions. The shear stress resultant Qx reaches its maximum
value on the boundary so that its accuracy is affected both by
the accuracy of the particular solution w/ and by the boundary
conditions satisfied by the solution of the biharmonic equa-
tion w£. The series for Qx derived from the double sine series
of the Navier solution WN is slowly convergent, requiring
thousands of terms to achieve three-digit accuracy. The gen-
eral-purpose finite element code used to compute the moment
stress resultants does not compute a direct solution for the
shear stress resultants.

Contour plots comparing the finite element solution and
results from wr are shown in Figs. 5-7. The results are encour-
aging. For example, the contour plot for the shear stress
resultant Qx shows smooth contours near the boundary. Con-
tour plots of earlier results1'3 for postbuckled panels are not as
smooth near the boundaries, so that applying the extended
grid transformation to error analysis of postbuckling results
seems to be a promising approach. The numerical harmonic
analysis for the slowly varying postbuckling results may con-
verge faster than the corresponding analysis for the constant
load q in Eq. (7)..

Conclusions
A change of variables has been introduced in the indepen-

dent variables for double Fourier sine series. When combined
with numerical harmonic analysis of data tabulated on a
rectangular grid, the new series passes through all of the
tabulated points. When the tabulated function is nonzero on
the boundary of a rectangular domain, the new series has
significantly better convergence than the usual half-range
Fourier series that vanishes on the boundary and exhibits
Gibbs' phenomena near the boundary.

The improved convergence is illustrated by comparing the
solutions of an example problem of a simply supported plate
under uniform load. The example also serves to recall a gen-
eral result for plate and shell problems, namely, that the error
in discrete solutions for stress resultants depends on satisfying
boundary conditions as well as satisfying the partial differen-
tial equations of the theory.

A solution of the biharmonic equation based on the change
of variables is used to satisfy the boundary conditions for the
example problem. Two series are used in this solution and
satisfy boundary conditions at every boundary node point.
This is compared with four series that satisfied conditions in a
least-squares sense that were used in similar earlier studies of
error analysis of finite element results. The numerical al-
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gorithm for satisfying the boundary conditions is simpler to
code for two series than for four series. The simplification will
carry over when the change of variables is applied to the error
analysis of finite element results for nonlinear problems.

Appendix A: One-Dimensional Series
The one-dimensional problem using the extended grid is to

pass a sine series through M values of a function of x at M
equally spaced values of x. The numerical analysis is slightly
different than for a simple Fourier sine series. The approxima-
tion formula is intended for use in the range 0 < x < a. The M
discrete values of x are defined as

xm =
m - 1
M- 1

777 - 1,2,3, , M

The approximation has the form
jV/

/(*) =

where

(Al)

(A2)

M + 1
0 < J < TT (A3)

The coefficients bm are determined from the summation

+ 1 kr i sin/77^ (A4)

where the sets of £k are

M + 1
[(xk/a)(M - 1) + 1]

= 1,2,3, . . . , M (A5)

The approximation [Eq. (A2)] will pass through the values
f(xk) and through zero at J = 0 and at J = TT, outside the range
of interest for x.

The relation used to compute the Fourier coefficients bm
[Eq. (A4)] is derived from the orthogonality relation

sin/ f A. =
+ 1

(A6)

where <5// is the Kronecker delta,

= 1, if / =7

If the sine terms in the numerical analysis are arranged to form
a matrix S with elements

Su = ~
V(M

the matrix S is symmetric and orthogonal

In computations, it is not necessary to store the matrix or to
compute each element one at a time, since all elements of the
matrix are elements of a single vector V with elements

i = 1,2,3, . . . , 2M + 2

Appendix B: Two-Dimensional Approximations
A double Fourier series to approximate a function of two

variables is readily derived from the numerical analysis for a
single Fourier series listed in Appendix A. The function f(x,y)
is known at node points of an M x N rectangular mesh. An
example of such a grid is shown in Fig. 1. In the error analysis
of results from finite element analysis, the nodes are corners
of rectangular finite elements. The boundaries of the elements
are indicated by solid lines in the figure. In the x-y coordinate
system, the nodal points (xm,yn) are

777 - 1

n-l

777 = 1,2,3, . . . , M

n = 1,2,3, N

(Bla)

(Bib)

The change in independent variables is indicated in the figure
by the dashed lines showing the axes of the £-TJ coordinate
system and (x,y) points for an extended grid of (M + 2)x
(N + 2) points. The change in independent variables is

(B2a)
M+ 1

l(y/b)(N - 1) + 1], 0 < 77 < TT (B2b)

The approximation for /(#,>>) is written as a double-sine series,

bmn s sinnrj (B3)
w = 1 / z= 1

When the Fourier coefficients bmn are computed by the formula

4 A A
(M

where

M + 1

irk
' N + 1 '

sin/77^ sin/7rjk (B4)

y = 1,2,3, . . . , M (B5a)

A: = 1,2,3, . . . , J V (B5b)

the approximation for/(#,.y), is exact at the node points for
the M x N grid and is zero at points on the boundary of the
extended (M + 2) x (N + 2) grid.

In the error analysis of finite element results, the case where
a function g(x,y) is known at the centroids of the rectangular
elements is also of interest. In that case, the centroids are the
discrete points

Xjn _ 2m - 1
~a = 2(Af - 1)

2/1-1

m = 1,2,3,. . . , M - 1

n = 1,2,3,. . ., N- 1b 2(N - 1)

The approximation for the function g(xfy) is

M N
g(x>y) = iC Z) cm« sin/77 £ sinwr;

The Fourier coefficients are computed by the formula
4K M^IA^I

Cmn ="(M~

(B6a)

(B6b)

(B7)

(B8)
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where the factor K is

K =

The solutions are written in the form

with 9R = Af + 1,

also

2(M + 1)

ir(2k + 1)
' 2(N + 1)

= TV + 1, and

dfj = 0, if / s*y

= 1, i f / = y

y - 1 ,2 ,3 , . . . , M- i

f c= 1,2,3,. . . , N- 1

(B9a)

(B9b)

The approximation for g(x,y) is exact at the centroids of
the elements on the M x TV grid, zero at centroids of the
(M + 2) x (N + 2) grid that are outside the inner grid, and
zero on the boundary of the extended grid.

Appendix C: Homogeneous Solutions
The functions appearing in the solution WE in Eq. (10) that

satisfy the biharmonic equation are listed in this appendix.
The solution of the biharmonic equation is considered as a
function of x and y. Therefore, in the expression

/«(*)
M

+ E gm(y)
m= 1

the functions of x and y are solutions of the ordinary differen-
tial equations

C* Jn—— 2 Jn
>n ——

d4g. ^- 2 , 5-4 n+ 6^ gm = 0

where the coefficients are defined as

mrN - 1
an — n a — — ———

A7Z7T M — 1
m=m ______

(Cla)

(Clb)

(C2a)

(C2b)

(C3a)

(C3b)

where w are constants of integration.
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